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Abstract

The general, high-frequency response of a panel with attached masses is approximated using a transient
form of asymptotic modal analysis (AMA). This method is derived by applying asymptotic simplifications
to classical solutions in both the time and frequency domains. These relations are applied to a panel with
one or more attached masses that is excited by impulsive loads. Predictions are made of the mean-squared,
transverse displacement histories as well as localized responses near the added masses. It is shown that the
latter compare well with experimental data when the masses are separated by more than the mean
wavelength of the frequency band. The approximate solutions are shown to require relatively little
computational time and memory and are applicable to general forms of excitation.
r 2002 Elsevier Ltd. All rights reserved.

1. Introduction

High-frequency structural vibration is often a source of workplace irritation and damage to
sensitive electrical equipment. While there are methods available to predict such vibrations when
they are periodic or even ergodic [1–4], there are few alternatives for transient excitation sources
such as collisions or impacting components [5]. Finite elements are extremely useful at low
frequencies, but become cumbersome and inaccurate at high frequencies, say above 1000 Hz;
where the problem is essentially modelled as wave propagation.

There have been efforts to relax the ergodic assumptions of statistical energy analysis (SEA) in
order to provide some predictive capability for the transient regime [6–8]. However, results vary
depending upon the assumptions made and are usually order-of-magnitude estimates.
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A re-formulation of asymptotic modal analysis (AMA) for transient vibration has been shown
to be effective for simple elastic systems such as a panel [9]. This method has been extended to the
more complex geometry of a panel with attached masses [10] and this development is summarized
here and verified with experimental data.

2. Governing equations

The equation of motion for a thin elastic panel with external, point forces may be written in
non-dimensional form as
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¼ Pðx; Z; tÞ þ l0dðZ� Z0Þdðx� x0Þ þ l1dðZ� Z1Þdðx� x1Þ þ?; ð1Þ

where the non-dimensionalized parameters are: the transverse displacement W ¼
displacement=thickness; the co-ordinates, x ¼ x=thickness and Z ¼ y=width (cf. Fig. 1); time
t2 ¼ panel-bending stiffness/(density–thickness–length2–width2); the panel aspect ratio g ¼
length=width; the structural damping, C; the applied load P at ðxf ; Zf Þ; and li are the loads
applied by R the added masses, Mi; attached to the panel at the positions ðxi; ZiÞ:

A typical solution procedure is to apply Galerkin’s method with an assumed displacement of
the form

W ðx; Z; tÞ ¼
XN
n¼1

qnðtÞcðx; ZÞ: ð2Þ

This yields the uncoupled, single-mode equations
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where zn is the modal damping ratio, Qn the generalized force, and on is the natural frequency

on ¼
p2

g
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½n2

x þ n2
yg

2�: ð4Þ

Here nx and nZ are the modal indices in the co-ordinate directions.

2.1. Classical solution for a point excitation

Now for the sake of clarity, consider a localized load at the point ðxf ; Zf Þ: The applied pressure
becomes Pðx; Z; tÞ ¼ f ðtÞdðx� xf ÞdðZ� Zf Þ (cf. Fig. 1), and the generalized force can be written as

Qn ¼

R
A
ðP þ l0dx0
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þ l1dx1
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þ?Þcn dAR
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n dA
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¼
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; ð6Þ
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where /?S indicates the spatial average and the modal function at the ith mass, cðxi; ZiÞ; is
abbreviated as cni: This is used to determine the modal coefficients from

qnðtÞ ¼
Z t

0

hnðt� t0ÞQnðt0Þ dt0; ð7Þ

where hn is the standard impulse response function,

hnðtÞ ¼
e�znont sinðon

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � z2n

q
tÞ

on

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � z2n

q : ð8Þ

In this case, the modal coefficients are

qnðtÞ ¼
1

/c2
nS

fhnðtÞ* ½f ðtÞcnf þ l0ðtÞcn0 þ l1ðtÞcn1� þ?g: ð9Þ

where * indicates the convolution. The Lagrange multipliers, li; are found from the equations of
motion for the added masses, Mi;

liðt; xi; ZiÞ ¼ �Mi
.Wðxi; ZiÞ ð10Þ

¼ �Mi

X
.qnðtÞcni; ð11Þ

where the dots indicate derivatives with respect to non-dimensional time, t: The .qnðtÞ are
determined by differentiating Eq. (9) twice with respect to t: Substituting this into Eq. (11) results
in a series of implicit, simultaneous equations for the li in terms of the forcing, f ðtÞ; and the modal
impulse response functions, hnðtÞ: However, an explicit relation for the forces may be obtained by
transforming them to the frequency domain and employing the convolution theorem.

Performing this substitution and transformation using the common form of the convolution
theorem, Fðf *gÞ ¼

ffiffiffiffiffiffi
2p

p
Fðf Þ �FðgÞ;1 it is helpful to employ the transform relation F½ .hnðtÞ� ¼
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Fig. 1. Geometry of a panel, load and a single, attached mass.

1The Fourier transform is used here rather than the Laplace for numerical efficiency. It is

GðoÞ ¼ F½gðtÞ� ¼
1ffiffiffiffiffiffi
2p

p Z
N

�N

e�iotgðtÞ dt: ð12Þ

R.R. Reynolds et al. / Journal of Sound and Vibration 266 (2003) 833–846 835



�o2
ffiffiffiffiffiffi
2p

p
HnðoÞ: Using the notation L0ðoÞ ¼ F½l0ðtÞ�;HnðoÞ ¼ F½hnðtÞ�; and FðoÞ ¼ F½f ðtÞ�; this

yields the transformed Lagrange multipliers for the ith mass,

Liðo; xi; ZiÞ ¼ � Mi

X cni
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FðoÞcnf ð1 � o2
ffiffiffiffiffiffi
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þ
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HnðoÞÞ

)
: ð13Þ

This system of equations may be rearranged in the more convenient form

A~LL ¼ ~MM ; ð14Þ

where the elements of the symmetric A are

aii ¼ 1 þ Mi

X c2
mi

/c2
mS

ð1� o2
ffiffiffiffiffiffi
2p

p
HmðoÞÞ; ð15Þ
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p
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and the elements of ~MM are

mi ¼ �FðoÞMi

Xcmicmf

/c2
mS

ð1� o2
ffiffiffiffiffiffi
2p

p
HmðoÞÞ: ð17Þ

We emphasize again that Eq. (14) is explicit for the Li—the transformed Lagrange multipliers. Its
solution provides the multipliers for the transformed modal coefficients (i.e., the transform of
Eq. (9)),

FðqnÞ ¼

ffiffiffiffiffiffi
2p

p
HnðoÞ

/c2
nS

FðoÞcnf þ
XR

j¼0

Ljðo; xj; ZjÞcnj

" #
: ð18Þ

This may be inverted and substituted into Eq. (2) to determine the transverse panel deflection.
Restricting attention to a range of frequencies Do that contains DM modes yields the classical,
band-limited response

W ðx; Z; tÞ ¼
XMþDM�1

n¼M

cnðx; ZÞ

/c2
nS

knF ðtÞcnf þ
XR

j¼0

knLi
ðt; xi; ZiÞcni

" #
; ð19Þ

where

knF ðtÞ ¼ F�1½
ffiffiffiffiffiffi
2p

p
HnðoÞF ðoÞ�; ð20Þ

knLi
ðt; xi; ZiÞ ¼ F�1½

ffiffiffiffiffiffi
2p

p
HnðoÞLiðo; xi; ZiÞ�: ð21Þ

The spatial mean-squared response, /W 2ðtÞS; can be found by first squaring Eq. (19)
(neglecting the cross-terms as they are small) and spatially averaging this over the panel. This
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procedure yields

/W 2ðtÞS ¼
XMþDM�1

n¼M

1

/c2
nS

knF ðtÞcnf þ
XR

j¼0

knLi
ðt; xi; ZiÞcni

" #2

; ð22Þ

which describes the mean temporal response of the entire panel.

2.2. Asymptotic solution for a point excitation

While these solutions are straightforward, they require solving for the eigenvalues and
eigenvectors of the system—a non-trivial task at high frequencies. It is far more practical to note
that the modal density is quite large at high frequencies and that the response is, therefore, a result
of the aggregate of the modal responses. This suggests that an asymptotic limit for the modal
behavior may be a useful and more easily calculated alternative.

If the frequency range Do contains enough modes with a sufficient modal density, then several
simplifications may be applied to the classical solutions of Eqs. (19) and (22). These steps
eliminate the need to solve the eigenproblem and substantially reduce the size of the summations.
The result is an approximate solution that is simpler to evaluate, requires much less detailed
information about the system and retains the essential character and magnitude of the response.

Begin with the summation in the diagonal elements of A (cf. Eq. (15)). For the frequency band
from modes M to M þ DM this is

XMþDM

m¼M

c2
mi

/c2
mS

ð1� o2HmðoÞÞ: ð23Þ

Within the frequency range Do note that HmðoÞ is not slowly varying over the range of the
summation and cannot be removed from the summation. Thus, the asymptotic modal
approximations used for the smooth panel [2,9] cannot be applied here. However, two useful
observations are

* The scaling factor c2
mi ranges from zero to one throughout the frequency range.

* The term 1� o2HmðoÞ
� �

is a frequency-dependent function in two senses. First, for any value
of m; it is multiplied by a continuous function of o: Also, the m subscript indicates a
dependence upon the natural frequency of the mth mode.

The first observation suggests that c2
mi may be eliminated by approximating its scaling effect on

the Hm terms. If DM is large enough then we only need to sum a few, say DMn; representative
terms of the complete summation. This will be true if Hm is a well behaved and smoothly varying
function throughout the range of the summation.

This leads us to the second observation: that the natural frequency content of Hm must be
considered in any attempt to remove specific eigensolution references from the summation. The
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transform of Hm is

HðoÞ ¼
1

ðo2
n � o2Þ � jð2zonoÞ

; ð24Þ

where j ¼
ffiffiffiffiffiffiffi
�1

p
and om is the natural frequency of the mth mode. Note that this is a smooth

function of om and o: Thus, the frequency dependence of the complete summation may indeed be
approximated by summing a few functions, HpðoÞ; that are based on chosen frequencies, op;
distributed throughout Do rather than the natural frequencies.

To summarize the process:

1. Extract c2
mi=/c2S from each term and scale the complete summation by its mean

value, %c2
mi:

2. Reduce the number of terms in the summation from DM to some fraction of it, DMn ¼ aDM;
where a is a chosen parameter (typically 0.1–0.2), and scale the sum accordingly.

3. Replace the natural frequency dependence of Hm with specified frequencies that span the
frequency range Do in some sense.

With these modifications the summation becomes

XMþDM

m¼M

c2
mi

/c2
mS

ð1 � o2HmðoÞÞE
1

a

XMþMn

p¼M

ð1� o2HpðoÞÞ; ð25Þ

where the DMn ¼ aDM chosen frequencies replace the natural frequencies in HpðoÞ and we
observe that the spatial average of a mode squared is equal to the mean value of a summation of
modes squared at any location (i.e., %c2ðxi; ZiÞEoc2 >). Relations for estimating DM are available
in the literature for many continuous structures [1].

The validity of the approximations in Eq. (25) may be seen by comparing both sides of the
equation for a representative system. Fig. 2 presents a comparison of two sides of Eq. (25): the
CMA and AMA solutions or left and right hand sides, respectively. These calculations were made
using a value of a ¼ 0:1 or with 10% of the estimated number of modes in Do:2 The transforms of
the summations have been inverted so that the comparison can be made in the time domain. It
should be noted that the AMA approximation required only 7% of the computational time
necessary for the CMA calculation.

Now consider the different summations in the off-diagonal terms of A in Eq. (16) and the
elements of ~MM in Eq. (17). The summations in these terms have the formXM

m¼1

cmicmj

/c2
mS

ð1� o2HmðoÞÞ: ð26Þ

The simplifications applied above to the diagonal terms are not applicable here since the
eigenmode scaling is not a mode squared but rather a product of mode functions that are, in
general, evaluated at different locations, cmicmj ¼ cmðxi; ZiÞcmðxj; ZjÞ: Clearly this product can be
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either positive or negative. Furthermore, the asymptotic limit of the product is zero,

lim
DM-N

cmicmj ¼ 0: ð27Þ

Fortunately, the actual summation is over a finite number of modes and will only be nearly zero.
This is an important distinction for a zero value for this summation would imply that the response
of the plate is independent of the added mass, Mi: As this cannot be true, the non-zero value of the
summation in Eq. (26), however small, is crucial.

To approximate this summation we extract cmicmj from each term and multiply the sum by the
mean value of the product over the frequency range, %cij: Again, we abbreviate the summation to
DMn ¼ aDM terms that are based on chosen frequencies that span the frequency range Do:
Together these steps result in the relation

XMþDM

m¼M

cmicmj

/c2
mS

ð1� o2HmðoÞÞE
%cij

a/c2S

XMþMn

p¼M

ð1 � o2HpðoÞÞ: ð28Þ

Here %ciji/c2S; but must be estimated. For sufficiently large DM one may use the continuous
approximation

%cij ¼

PMþDM
i¼M cnicnj

DM
E

R
NDo

cnicnj

NDo
; ð29Þ

where NDo is the number of modes in the frequency range Do: This is a tedious but
straightforward integration in mode-number space that yields a mean value for the cross-
product for the particular frequency range, Do: This is discussed more thoroughly in
Appendix A.

Once the Li are known, the time-domain coefficients kiLi
are determined and used with Eq. (19)

for the panel displacement or Eq. (22) for /W 2S: These relations contain summations over the
modes that can also be simplified. Since kiF and kiLi

are time varying, they may be approximated
using the asymptotic simplifications used for a smooth panel [9]. Applying these yields the
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displacement relation

W ðx; Z; tÞE
1

a/c2S

XDMn

p¼M

cpðx; ZÞ kpF ðtÞcpf þ
XR

j¼0

kAMA
pLj

ðt; xj; ZjÞcpj

" #
: ð30Þ

Although kpF ðtÞ itself is not different in form than the analogous term in the classical solution of
Eq. (19), the summation is abbreviated and the terms are evaluated at the fewer, chosen
frequencies rather than the full range of natural frequencies.

Eq. (30) contains a series of products of the modal functions at the forcing and mass locations,
cpf cpj ; which cannot be evaluated without the eigensolution. Hence the same form of modal
averaging used in Eq. (29) must be applied and attention focused on the response of the panel near
the locations of the masses or the forcing. The response at other locations may be estimated using
the spatial, mean-squared response discussed below. The asymptotic response near the excitation
for R added masses is then

WAMAðxf ; Zf ; tÞ ¼
1

a

XMþDMn

p¼M

kpF ðtÞ þ
XR

i¼1

kAMA
pLi

ðt; xi; ZiÞ
%cif

/c2S

� �" #
ð31Þ

and near the mass Mi is

WAMAðxn; Zn; tÞ ¼
1

a

XMþDMn

p¼M

kAMA
pLn

ðt; xn; ZnÞ
h

þ kpF ðtÞ
%cnf

/c2S

� �
þ

XR

i¼1;an

kAMA
pLi

ðt; xi; ZiÞ
%cin

/c2S

� �#
: ð32Þ

The case of a coincident mass and force is easily handled by noting that %cif ¼ /c2S:

2.3. Asymptotic, mean-squared response

The asymptotic limit of the spatial, mean-squared response is formed in a manner similar to
that of Eq. (32). Squaring Eq. (30) and applying the same asymptotic steps yields

/W 2
AMAðtÞSE

1

a

XMþDMn

p¼M

k2
nF ðtÞ

(

þ
XR

i¼1

k2
nLi

ðt; xi; ZiÞ þ 2knF ðtÞknLi
ðt; xi; ZiÞ

%cfi

/c2S

� �

þ
XR

i;j¼1;iaj

knLi
ðt; xi; ZiÞknLj

ðt; xj; ZjÞ
%cij

/c2S

)
: ð33Þ

The relations described above predict the mean-squared panel response or the panel response at
the locations where a point load is applied or added masses are attached. They require none of the
natural frequencies or modes of the panel and are valid for arbitrary forms of excitation.
Furthermore, they require substantially less computational effort than the classical solutions of
Eqs. (19) and (22).
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Care is required when selecting the frequency distribution for the asymptotic solution. Evenly
spaced frequencies impose a prominent beat to the response and random frequency spacing is
inappropriate for reasons not the least of which is repeatability. Experience indicates that a
nominally even spacing with a superimposed perturbation (say, 20–30%) is effective.
Furthermore, the same chosen frequencies should not be used for the diagonal and off-diagonal
elements of matrix A as this leads to a trivial solution.

3. Experimental verification

To confirm the asymptotic relations presented above, a simple panel was instrumented with either
an accelerometer alone or an accelerometer with an additional mass attached. These configurations
represented an attached mass of two different sizes. The panel was struck with an impulse hammer
and the transient accelerometer and force data was low-pass filtered and recorded.

The panel used was aluminum with the physical parameters: length ¼ 0:864 m; width ¼
0:711 m; ðg ¼ 1:214Þ; thickness ¼ 0:00318 m; and a modal damping of approximately z ¼ 0:005
was used to account for the structural and acoustic losses. The elastic modulus was 73 GPa; the
density was 2800 kg=m3; and the Poisson ratio n ¼ 0:359: The accelerometer mass alone was
2:1 g ðM0 ¼ 2:36� 10�4Þ and with an additional mass was a total of 14:6 g ðM0 ¼ 1:64� 10�3Þ:
The mass was attached to the panel at the location ðx0; Z0Þ ¼ ð1p;

1
pÞ and the impulse hammer strike

was approximately at the location of the masses.
The response was sampled and band-pass filtered in the frequency domain using a flat, acausal

filter. Two frequency ranges are considered: 1020–2653 Hz (125–325 non-dimensional Hertz) and
1837–3470 Hz (225–425 non-dimensional Hertz). Each of these ranges contained approximately
100 modes. These data were compared to AMA predictions of the local panel acceleration
calculated using the force data that was captured from the impulse hammer. Thus, the forcing
functions for both experiment and AMA prediction were the same. The comparisons of these
responses are shown in Figs. 3–6.
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Fig. 3. Comparison of the asymptotic modal analysis prediction of panel accelerations, / .W2S (solid line), with
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Hertz and the AMA approximation only used 10% of the estimated modes in the frequency range (i.e., a ¼ 0:1).
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Fig. 3 displays the comparison of AMA and experimental values for the panel acceleration in
the low-frequency range (125–325 non-dimensional Hertz). It shows that the AMA approxima-
tion quite accurately predicts the amplitude and general shape of the panel response. It should be
noted that the experimental data does not start at W ¼ 0 as one might expect due to distortion
from the acausal filter used. This filter was used because it preserved most of the initial magnitude
information of the signal. Several common, causal filters were also tried, but they distorted the
signal far too much to be useful. This was particularly evident near t ¼ 0 where the amplitude is
largest and, therefore, of the greatest importance. The behavior of the filters was evaluated using
classical solutions alone before being compared to the AMA solutions.

The other difference between the solutions occurs near t ¼ 0:0055 where the AMA prediction
overestimates the response. This is a beat phenomenon that results from the limited number of
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frequencies used in the AMA summations. This was noted earlier and is a periodic error that is
easily identified in the response [9,10].

Fig. 4 displays a similar comparison using the heavier attached mass. Again the large, initial
response is well predicted by the AMA relations and the general decay of the two responses are
similar. As with any structural dynamic calculation, the decay envelope is highly dependent upon
the damping values chosen. Thus, to predict longer period motions, it is important to have a good
estimate of the damping losses for the system of interest.

Figs. 5 and 6 compare the results of the small mass and large mass tests with their AMA
predictions within the higher-frequency range of 225–425 non-dimensional Hertz.

Similar tests and calculations were performed on panels with up to three attached masses and
they showed similar agreement.

4. Conclusions

Relations for the band-limited, high-frequency response of a panel with attached masses were
summarized and verified by experiment. These relations describe the transverse displacement (velocity,
etc.) of a panel when it is given a localized, impulsive excitation. These relations provide a reasonable
approximation of the panel behavior in frequency ranges with significant modal content (i.e. high
frequencies). The relations include the local panel response near an added mass or the load as well as
the spatially averaged, mean-squared response. These relations are much simpler to evaluate than
their classical counterparts and typically require 85–95% less computer memory and time.
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Appendix A. The mean, modal cross-product: %cij

The mean value for the cross-product of modes at different locations, %cij ; was introduced in
Eq. (29). This may be estimated without solving the eigenproblem by using sinusoidal panel mode
shapes and recognizing that away from the panel edges the boundary conditions have little effect
at high frequencies. The continuous approximation is made by replacing the discrete mode
summation with a continuous integration in mode number space,

%cijE

R
A

sin ðnxpxniÞ sin ðnypZniÞ sin ðnxpxnjÞ sin ðnypZnjÞ dAR
A

dA
: ðA:1Þ

The integrand may be recast into a more useful sum of cosine functions and integrated on the
region shown in Fig. 7. It is easiest to perform the integral in ny first as this can be done
analytically. The limits of integration are determined by using the frequency-mode number
relation (4) and the appropriate values of o: The domain has two portions: to the left and right of
nn

x: Thus the limits of integration are

omin

gp2
�

n2
x

g2

� �1=2

pnyp
omax

gp2
�

n2
x

g2

� �1=2

: nxonn

x; ðA:2Þ

1pnyp
omax

gp2
�

n2
x

g2

� �1=2

: nx > nn

x; ðA:3Þ

where nn
x is determined from Eq. (4) with ny ¼ 1 and o ¼ omin: The first integration in ny yields

%cijE

R
nx

ð %cny;1 þ %cny;2Þ dnxR
nx

R
ny

dny dnx

ðA:4Þ
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Fig. 7. The frequency range Do as seen in mode number space, nx–ny:
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and

ð %cijÞny;1 ¼
cosðnxpxiÞ cos ðnxpxjÞ
pðZj � ZiÞðZj þ ZiÞ

( )
½UðZj; Zi;omaxÞ

� UðZi; Zj;omaxÞ � UðZj; Zi;ominÞ þ UðZi; Zj;ominÞ�; ðA:5Þ

ð %cijÞny;2 ¼
cos ðnxpxjÞ cos ðnxpxiÞ
pðZj � ZiÞðZj þ ZiÞ

( )

þ ½Zi cos ðpZjÞ sin ðpZiÞ � Zj cos ðpZiÞ sin ðpZjÞ

þ UðZj; Zi;ominÞ � UðZi; Zj;omaxÞ�; ðA:6Þ

where

UðZa; Zb;ocÞ ¼ Za sin Za

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
goc � ðnxpÞ

2

g2

s0
@

1
A

� cos Zb

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
goc � ðnxpÞ

2

g2

s0
@

1
A: ðA:7Þ

Eq. (A.4) must then be integrated over nx and, while it appears to be intractable analytically, the
integrand is very well-behaved and can be done easily using a rudimentary numerical integration
over the following limits:

for %cny;1: 1onxonn

x; ðA:8Þ

for %cny;2: nn

xonxo
gomax

p2
� g2

h i1=2
: ðA:9Þ

The trivial case of two coincident points is simply %cii ¼ %c2E/c2S:
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